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Abstract. Let d > 2, and let K C be a convex body containing the origin 0 
in its interior. In a previous paper we have proved the following. The body K is 
0-symmetric if and only if the following holds. For each uj G we have that the 

(d — l)-volume of the intersection of K and an arbitrary hyperplane, with normal 
UJ, attains its maximum if the hyperplane contains 0. An analogous theorem, for 
1-dimensional sections and 1-volumes, has been proved long ago by Hammer ([H]). 
In this paper we deal with the ((d — 2)-dimensional) surface area, or with lower 
dimensional quermassintegrals of these intersections, and prove an analogous, but 
local theorem, for small C^-perturbations, or C^-perturbations of the Euclidean unit 
ball, respectively. 


1. Introduction 

Let d> 2, and let A C be a centered, i.e., 0-symmetric convex body. We have 
observed in [MMO], Problem 3.10, that by the Aleksandroff-Fenchel inequalities 
(cf., e.g., [S]) we have the following statement. Let 0 < Z < d — 2 be an integer, 
let u E let t G M, and let be the orthocomplement of u in M'^. Then the 

quermassintegrals 

Wi [(A n -b tuj)) — tuj\ , 

considered in a;-*-, attain their maxima for t = 0. In the same Problem 3.10, we 
have posed the question, whether the converse implication holds. For I = 0, i.e., 
for the case of (d — l)-volume, we proved this converse implication, cf. [MMO], 
Corollary 3.2. 

In this paper, we deal with the cases 1 < / < d — 2, and prove an inhnitesimal 
variant of the converse implication, for small C'^-perturbations of the Euclidean 
unit ball for 1 = 1, and for small C'^-perturbations of the Euclidean unit ball for 
2 < / < d - 2. 
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2. Preliminaries 

We write for the h-dimensional Euclidean space, and for its unit sphere, 
where d > 2. The origin is denoted by 0. We write Wi for the (k — t)-dimensional 
quermassintegrals of convex bodies in afhne /c-subspaces of ([BE], [S]). 

Basically we use the notations of [MMO]. Variable points of S‘^~^ are denoted 
by We use polar coordinates on S^~^. That is, for some ^ G that we 

consider as the north pole, and for oj G we write 

a; = ^sin'0 + ?7cos'0, where ry G fl 5"^“^, and — tt j2 < if; < n j2 . 

Thus, n is the equator and if; is the geographic latitude, that will be more 
convenient to us than the customarily used Lp = n/2 — if;. Then we write 

a; = {r],if;). 

In particular, 

(? 7 , 0 ) =r]. 

A function / := 5”^“^ —)■ M is even, or odd, if, for all u; G we have ff—oj) — 

fi^): or f{-u) = -f{u), respectively. 

In we will use polar coordinates u, g, with u G 5"^“^, and g G [0, cxd) (i.e., the 
point ug E has polar coordinates oj, g). Also, for hxed ^ G we will use 

cylindrical coordinates r],r,t, with ry G fl and r G [0, cxd) (together polar 

coordinates in ^-*“), and t G M. Here, for x G M'^, we have 

t = {x, , and X = rr] + t^ . 

For a: G bd AT, we will also write, in cylindrical coordinates, 

X = r{tr],t)r] + t^, 

where the hrst variable of r refers to and the last variable means that we consider 
the radial function of the intersection K fl + t^), with respect to the “origin” 

We have, for a: G that 

(1) g cos if; —r, and gsmif; — t. 

Differentiating these formulas with respect to if;, and then setting ip — 0, we obtain 

(2) ^1^=0 = ^lv'=o’ ^lv'=o ^ ^IV'=o- 
For terms undehned in this paper, cf., e.g., [BE], and [S]. 


3. Theorem 
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Theorem. Let d > 3 and 2 < k < d — 1 be integers, and let Aq G (0, cxd). Suppose 
that for each X G [0, Aq], we have that is a convex body in with radial 
function for u G Let g^(cv) = 1, and let g^(cv) be a C^-function of 

(A, a;) G [0, Ao] x Assume that for each A G [0, Aq], for any linear k-subspace 

Lk C the function y i-A Wi{K^ fl {Lk + y)) has a maximum at y = 0. Then 


dg^ 


(u) 


A=0 


is an even function of u. If 2 < I < k — 1, and g^{u}) is a -function of {X,oj) G 
[0,Ao] X and we replace in the above hypothesis Wi by Wi, then the same 

conclusion holds. 

Clearly, we could have written, in the hypothesis of the theorem, that is 
a star body, since, by the other assumptions, is a convex body with positive 
Gauss curvature for each A G [0, Aq] (after possibly decreasing Aq). 

We observe that for the case k = 1, and for the case / = 0, we have the theo¬ 
rems cited in the abstract, cf. [H], Theorem 1, and [MMO], Corollary 3.2. These 
assert that, in this case, actually each is centered, which is of course a stronger 
statement than the statement of the theorem of this paper. There is still one quer- 
massintegral, namely Wk- However, this is, independently of its argument, equal 
to the volume of the unit ball in so, in this case the hypotheses of our theorem 
do not imply anything. 


4. Proof 


We begin with the following 

Proposition. (^[MMO], Theorem 3.8). Let f : —)■ M 6e a -function (or, 

more generally, a Lipschitz function). Further, let, for each ^ G (or, more 

generally, for almost all ^ G S‘^~^), the equality 


hold. Then f is an even function. ■ 

Proof of the Theorem. As in the proof of Theorem 3.1 of [MMO], we may suppose 
k = d — 1. In fact, for any linear (k -\- l)-subspace Lk+i of we have that 
n Tfc+i also satisfy the hypotheses of the theorem. Furthermore, if for each 
Lk+i, the restriction of the function 


dg^ 


(u) 


A=0 


to Lk+i is even, then also this function itself is even. So, from now on, let k = d—1. 

Let to G (0, cxd) be so small that the closed ball about 0, of radius to , is contained 
in each K^, where A G [0, Aq] (possibly decreasing Aq). From now on, let 
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t G {—to, to)- This implies that K fl + 1^) is a {{d — l)-dimensional) convex 
body in + te 

1. First we treat the case / = 1. 

Let ns £x a point ^ G that we consider as the north pole. Let S^{^,t) 

denote the {{d — 2 )-dimensional) snrface area of fl (^■*" + t^), considered as a 
{{d — l)-dimensional) convex body in + t^. We have 

(3) S^{^,t)= j dS^{^,t)= j 


where r^(^, rj, t) is the radial fnnction of fl (^"'■ + ^05 with respect to the “origin” 
t^, and n^{r],t) G fl 5''^“^ is the onter normal nnit vector of the snrface element 
dS^{^,t) at ?7 G n 5''^“^, taken in +t^. 

From now on, we consider A G [0, Aq] as fixed, and drop the npper indices A. 
Also, to simplify the formnlas, we omit those variables of onr fnnctions, whose 
omission does not lead to misnnderstanding. 

We determine 

that eqnals 0 by the hypothesis of the theorem. We may differentiate nnder the 
integral sign. We have 

(4) I {r'^~^/{V:'n{ri))) = 

1 (d — 2)r^~^{dr/dt)/{r], n{rj)) — r^~‘^[{d/dt){r], n(? 7 ))]/(? 7 , n{r]))‘^ , 

and we have to evalnate this at t = 0 . 

Letting t = 0, i.e., by (1), '0 = 0, we have by (2) dt/d'ip = p, hence 

d dip d Id 

dt dt dip Q dip' 


Therefore, (4) eqnals 


{d-2)r^-^- 


1 dr 


„d-2 


g dip {rj, n{r])) 


{rj, n{r]))‘^ g dip 




Here the hrst term is, nsing r = g (cf. (1)), 


( 5 ) 


{d-2)g^-^ 


dg 1 
dip {rj, n{rj)) 


5 


and the second term is 


-Q 


d-3 


1 


d 


(? 7 , n{r]))‘^ dip 


(n. 11 ( 17 )). 


(S) 
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Now it will be convenient to write g =: 1 + £, where £ : ^ M is a (7^- 

fnnction, of C'^-norm tending to 0 for A —)■ 0. We calcnlate (5) and (6), till terms 
of degree 1 in £, bnt neglecting terms of degree at least 2 in £. 

Then (5) becomes 


id-2){l + ey-^ 


de 1 
dip {rj, n{rf}) 


Here, becanse of the third factor, we may write £ = 0 in the second and fonrth 
factors, getting 


(7) 


(d-2) 


de 

dip 


On the other hand, (6) contains {d/dip){r],n{r])) as a factor. We are going to show 
that this is an expression of second order in £. We have 


n{r]) 


(1, -de/dxi, ■ ■ ■, -dejdxd-i) 

+ {deldxiY H-h {de/dxd-if 


where xi,..., are the coordinates on in a neighbonrhood of rj, given 

by the inverse of the exponential map at ry G (The exponential map maps 

vectors u, in a neighbonrhood of the origin rj of the tangent plane of at rj, to 
the point u G S‘^~^ of the geodesic on starting from rj, in the direction of u, 

with u) being at a geodesic distance ||'u|| from ry.) Therefore, 


(?y,n(?y)) 


1 

+ {de/dxif H-h {de/dxd-if 


Clearly, it is enongh to show that, e.g.. 


( 8 ) 


_d _1_ 

y^l + {deldxif H-h [dejdxd-if' 


is of second degree of smallness in £. However, (8) eqnals 


(9) 


{deldx}){d‘^eldx\) +-h {dejdxd-}) {d‘^el{dxd-\dx\)) 

/ ^ 9 \^/^ 

\^ + {de/dxi) H- \-{de/dxd-i) j 


and so onr claim is shown. 

Altogether, by (3) and (4), and, on the one hand, by (5) and (7), on the other 
hand, by (6) and (9), we have that {{d/dt)S{^^t))\t=o is, till terms of degree 1 in £, 


/ 



( 10 ) 


(<i-2) 
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Since, for each ^ E (10) equals 0, the Proposition implies that £ is even. 

(Recall that, by hypothesis, d > 3.) Returning to the original notations. 


dg^ 


(u) 


A=0 


is an even function of co. 

2 . Now we treat the case 2 < I < d — 2. 

Actually, we will allow 1 < / < h — 1. Of course, as stated after the theorem, for 
I = d — 1 the statement of the theorem does not hold. However, we will need this 
case for our formulas. 

We have, for 1 < / < d — 1, that 


(11) 


(1/(<J-1)) / ■ 

hi(Kn{i^+tO) 


Here id;_i(^, t) is times the (/ — l)’st elementary symmetric function of the 

d — 2 principal curvatures «)i(^, t), ■ • ■, t) of bd {K fl (^■*" + t^))- Cf., e.g., [S], 

p. 291. 

We write =: 1 + hi(^,t), where Si is of hrst order with respect to the 

O^-norm of £ = p — 1. 

Letting 

p'■= i'j-i) (1 + • (1 + 

(1+<^aH- 

l<zi <(i—2 

= (f-i) (1 + • (1 + 

l<il<---<il-l<d—2 

-l-((!-l)/(d-2)) Ebi. 

i=l 

we have that P is a linear combination with constant coefficients, of the elementary 
symmetric functions of the h/s, of degrees 2 to / — 1. Therefore, dP/dt is a sum, 
whose summands are products of some dSijdt, and at least one further dj. Here 
ddijdt is bounded by the (P^-assumption, and the hj’s are of hrst order with respect 
to the (P^-norm of £. Hence, when calculating the derivative of (11), with respect 
to t, at t = 0, we can neglect dP/dt. Hence, we may replace in (11) by 



1 + 


1-1 

d-2 


d-2 


i=0 


and this replacement will not affect the calculation of the derivative of (11), with 
respect to t, at t = 0. 
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We turn to the calculation of the derivative of (11), with respect to t, at t = 0, 
which has to be 0. As mentioned above, this equals 


(13) 


(l/(d-l))(5/Sf) f dSHCt)+ 

bd(/fn(SJ-+i{)) 


(i-i)/((d-i)(d- 2 ))(a/at) f 

bd(ft'n(4b+(4)) \,= 


fghd dSHM- 


Here the hrst summand is, by 1, 

d-2 


d — 1 




ds 

dild 


dr]. 


We are going to determine the second summand. For this, put I = d — 1. Then, as 
already mentioned, (11) is constant, hence (13) equals 0. From this we have 


m 


\i=0 / cinvd-l 


hdiKniC-^+tO) ^ C-Lnfid- 

Hence, for all / = 1,..., d — 1, we have that (13) further equals 


ds 

dtp 


dr]. 


(14) 


d — 1 — / 

d-l 


ds 

dtp 


dr], 


which equals 0. By the hypothesis of the theorem, we have / < d — 2, hence 

f ds 


dtp 


dr] = 0, 


for each ^ G As in 1, this implies that 

dg^ 


dX 


(w)|a=c 


is an even function of oj. 


5. Remark 

Remark. Let Aq G (0, cxd). Let C be a centered convex body, further 
suppose that for each A G (0, Aq], we have that is a convex body in with 
radial functions for A G {0} U (0, Aq] = [0, Aq]. Moreover, let g^{oj) be a (7^- 
function of (A,a;) G [0, Aq] x S^~^. We may ask whether some analogue of our 
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theorem holds. That is, suppose that for each A G [0, Aq], and each linear (d — 1)- 
subspace C the function y i—)■ Wi{K^ fl {Ld-i + y)) has a maximum at 

y = 0. Then we may pose the question: is 


an even function of ul However, we will show that this question, even in the 
simplest unsolved case, i.e., for d = 3, and for ITi, is untreatable by our present 
methods. 

For d — 1 = 2 we can use, for the calculation of the perimeter of fl +1^), 
the simpler formula ds^ = dr‘^ + r'^drf. Then the equality 


can be rewritten as 


(15) 


f _1_ 1 dg d^g ^ P, 

J + {dg/dy^ \dtl^ g dy dydi^) ^ 


Let us write + £. We retain in (15) the terms at most linear in £, and 

investigate this situation. Clearly, the terms of degree 0 in £ together give the 
integral, on 5”^, of an odd function, i.e., 0. Now we investigate the terms of degree 
1 in £, in the expression under the integral sign in (15). These are the following: 
( 16 ) 

\—[{Q^Y + {dQ^/driY] ^/^(p°) ‘^{dg^/dr])d‘^g^/{dr]d'il^) 

—p°((p°)^ + {dg^/dr])‘^)~^/‘^ [dg^/dip + {g^)~^{dg^/dr])d‘^g^/(dydip))] e 
+ [(p°)^ + (9p°/9?7)^]“^/^(9£/9'i/i) + [[(p°)^ + {dg^/dr])‘^]~^/‘^{g^)~^d‘^g^ / 
(drjd'tp) — {dg^/drj)[{g^)‘^ + {dg^ (9p°/9'i/i+ {g^)~"^{dg^/dr])d‘^g^/ 
{drjd'il}))] deldrj + [(p°)^ + {dg^/dr])‘^]~^^‘^{g^)~"^{dg^/dr])d‘^e/{drjdijj) 

^ =: Ae + B de/dtj^ + Cdejdr\ + Dd’^ej(dydip). 


Now, let us suppose that g^{uj) is a function of (A,a;) G [0, Aq] x 5'^. Then, 
retaining in (15) the terms at most linear in £, (15) becomes, by integration by 
parts. 


(17) 





0 . 


(We do not give the coefficients in this formula more explicitly.) Of course, the left 
hand side of (17) is a continuous linear operator in £, for the O^-topology. But its 
solution (e.g., that the solutions among the (C^-functions would be just the even 
(C^-functions) seems to be untreatable by our methods. 
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